In this paper, a polarization-maintaining quad-wavelength (QW) single-frequency fiber laser (SFFL) at the C-band with the novel and compact structure is demonstrated. Applying the rate equations and multiple coupled nonlinear Schrödinger equations, the theoretical model of QW fiber lasers is established, and then the optical spectra, temporal evolution, and stability of the QW fiber laser are analyzed numerically. Based on the theoretical analysis, a QW-SFFL having an ultrashort linear distributed Bragg reflector cavity is proposed. Utilizing a wideband fiber Bragg grating coupled with a dual-channel polarization maintaining fiber Bragg grating as the wavelength selection and a 15-mm-long Er 3+ /Yb 3+ co-doped phosphate fiber as the gain medium has realized a robust QW laser with the wavelength spacing of 0.4 nm. All the wavelengths maintain the single-frequency operation independently with the linewidths of 20 kHz. This type of compact SFFLs with quadruple wavelengths is widely adapted to lidar systems and fiber sensing.
Introduction
Multi-wavelength single-frequency fiber lasers (SFFLs) at the C-band have attracted great interest because of their extensive applications in, for example, lidar systems and fiber sensing [1] - [3] . In recent years, the implementation of multi-wavelength fiber laser scanners identification and discrimination for complex materials has become prevalent. The multi-wavelength laser scanning can be used to identify the features and materials of objects by measuring their reflectance characteristics at specific wavelengths and matching them with their spectral reflectance curves [4] . Moreover, differential absorption lidars, which are used to monitor trace gases, require two narrow-linewidth laser sources of nearly the same wavelength. The differential absorption at the two wavelengths results in different backscattered spectra and can be used to calculate the concentration of the gas [5] . Especially, based on the multi-wavelength lidars at 1.5 μm, numerous gases, such as acetylene and NH 3 can be measured [6] , [7] . Using more than two wavelengths is an obvious extension of the lidar systems. In addition to measuring more than one gases simultaneously, multiple wavelengths may also provide better knowledge of aerosol optical properties, which will improve measurement accuracy [1] . Single-longitudinal-mode (SLM) operation is an ideal property for lidar sources as it ensures narrow linewidth [8] . Thus, lasers combining single-frequency with multi-wavelength are highly desirable in lidar systems and fiber sensing.
Wavelength selections in multi-wavelength lasers have been achieved by using fiber Sagnac loop, photonics crystal fiber, and fiber Bragg gratings (FBGs) in the resonant cavity [9] , [10] . Coupling of the fiber loop and laser cavities impedes the SLM operation due to its long-cavity [11] , in contrast, the FBG with compact structure and narrow bandwidth can be incorporated into a short cavity of the laser, which provides a wide space of longitude mode to ensure SLM operation [12] , [13] . Specifically, the FBGs with different reflection wavelengths best to be engraved at the adjacent location on the fiber for the purpose of minimizing the cavity-length. However, a stable multiwavelength lasing is hardly realized due to the strong mode competition and mode hopping caused by the homogeneous gain broadening of Er 3+ [14] . To overcome this difficulty, polarization hole burning effect should be induced by using polarization maintaining (PM) components [15] , [16] , and nonlinear optical effects can be applied to regulate the wavelength-dependent gain of the resonant cavity, which is conducive to multiple-wavelength lasing [17] , [18] . Currently, studies of SFFLs mainly focus on the single-wavelength operation [19] , whereas the output performance with multiple wavelengths is rarely reported. This paper presents a compact PM-SFFL with quadruple wavelengths based on a short linear resonant cavity. A reliable quad-wavelength (QW) SFFL with the wavelength spacing of 0.4 nm was obtained, and the linewidth of individual lasing wavelength was about 20 kHz.
Theoretical Analyses

Theory for Numerical Modeling
To obtain a stable multi-wavelength fiber laser, physical formation and interaction mechanisms of multi-wavelength laser in the resonant cavity are significant to be investigated. The evolution of optical fields in a multi-wavelength fiber laser comprises the power amplification and nonlinear propagation processes.
The process of power amplification in the active fiber is determined by the wavelength-dependent gain which is calculated by the steady-state rate equations. The laser action in Er 3+ /Yb 3+ co-doped phosphate fiber (EYDPF) can be described by a four-level system of Er 3+ along with a two-level system of Yb 3+ [20] , [21] . On the basis of the energy level of Er 3+ /Yb 3+ co-doped system, the rate equations for Er 3+ and Yb 3+ population densities can be written as:
(1) 
Subsequently, the process of the optical fields propagation in the fiber can be accurately simulated by nonlinear Schrödinger equations (NLSEs) [22] - [25] , which takes into account the active gain, dispersion, and other nonlinear effects. Considering the multiple optical fields with different wavelengths in different polarization states will cause self-phase modulation and cross-phase modulation, the optical fields evolution inside active fiber is described by a set of multiple coupled NLSEs of the form:
where A j is one propagating optical field, x and y correspond to two polarization states, z is the spatial coordinate along the fiber, t is retarded time, β 1 is the first-order dispersion coefficient, β 2 is the second-order dispersion coefficient, γ is the nonlinear parameter, and g s is the gain coefficient. Wavelength selections in fiber laser is mainly produced by the FBGs which are placed on both sides of the cavity, and the optical fields after reflection can be represented as:
where R W (ω) is the reflectivity of wideband FBG, R N (ω) is reflectivity of narrowband FBG, n is the single-pass number, L is the cavity length. The optical fields transmission model above is capable of describing the evolution of multiwavelength laser in the resonant cavity. The laser generally starts with a slight disturbance of the spontaneous emission of active fiber, so that the initial signal in the cavity is supposed as Gaussian white noise signal in the frequency domain [24] , and it can be transformed into the time domain conveniently during solving NLSEs. The multiple coupled NLSEs are solved with the split-step Fourier algorithm which discretizes the frequency domain by f = 1/T , where T is the width of the temporal window in the calculations. Such a frequency separation of the split-step Fourier method closely resembles the introduction of longitudinal modes in simulations. For the accurate simulation, therefore, f is designed to be in accord with the actual intervals of longitudinal modes. Besides, during the transmitting in the resonant cavity, each optical field of the single wavelength is regarded as the result from two independent amplification and propagation in opposite directions. Since the wavelengths of the individual beams are similar, the neglect of the group-velocity mismatch is allowed in this simulation.
Summarily, the numerical simulations were performed by first introducing Gaussian white noise into the laser cavity. The wavelength-dependent gain was accurately calculated from the steadystate rate equations, and the evolution of the optical fields along the fiber was obtained by solving the multiple coupled NLSEs with the split-step Fourier method [24] . The FBGs at both ends of active fiber would change the direction of transmission and select oscillating wavelengths. When the previous simulated optical fields were received, the results were used as the input for the next round transmission. After multiple round trips in the cavity, the main characteristics of optical fields including energy and spectrum would approach a stable value, and that was the last output required.
Simulation Results
The spectral and temporal properties of the QW fiber laser were simulated based on the theoretical model presented above. The resonant cavity adopted in the simulation, as described in Fig. 1(a) , is constructed by installing a wideband FBG with the reflectivity of 99.5% and a narrowband dualchannel polarization maintaining FBG (DC-PM-FBG) on both ends of a 15-mm-long high gain EYDPF. One of a representative simulated reflectivity of DC-PM-FBG is shown in Fig. 1(b) , where the reflection bandwidth is alterable in the simulation. There are four reflection bands in the DC-PM-FBG and the separation of reflection peaks is 0.4 nm. Table 1 shows the values of the major parameters used in the simulation.
To explore the impact of SLM operation on stability, we simulated the QW fiber laser operated in SLM and multiple-longitudinal-mode (MLM) by adjusting the bandwidth of narrowband FBG. The effective length of the resonant cavity is about 30 mm having the longitudinal mode spacing of 3.4 GHz, accordingly, only one longitudinal mode is supported within each reflection peak when each reflection bandwidth of narrowband FBG is less than 6.8 GHz.
The initial width of individual wavelength in the simulation was assumed to be 0.5 nm, then the optical fields went through the iterations of rate equations and multiple coupled NLSEs. Eventually, the power of each spectral channel with respect to the QW lasing evolved into a duplicated quasiperiodic pattern after 80 round trips evolutions and the simulated spectra results are shown in Fig. 2 . When the reflection bandwidth of narrowband FBG was assumed as 13 GHz, the output QW laser is operating in MLM as presented in Fig. 2(a) , and there are three longitudinal modes in individual lasing wavelength. Reducing the reflection bandwidth of narrowband FBG to 6 GHz transformed the laser operation to SLM, and the simulated spectrum of output laser is shown in Fig. 2(b) , where there are four lasing wavelengths and only one mode existing in each wavelength. Note that, the linewidth of the simulated spectrum is not authentic here, because the spectral broadening has not been considered in the simulation. Figure 3 shows the simulated temporal evolution when four wavelengths are lasing simultaneously during the first 200 round trips after the QW laser has reached stable state. The temporal evolution of the QW laser lasing in MLM operation is illustrated in Fig. 3(a) and, as indicated, the output power reaches 10 mW with the average power of 4.5 mW. Nevertheless, the output laser fluctuates below 6 mW with the average power of 3 mW when the QW laser is lasing in SLM operation, as displayed in Fig. 3(b) . The comparison of the calculated temporal evolutions between the QW-SFFL with MLM and SLM operation clearly indicates that the SLM operation can promote the stability in multi-wavelength fiber laser.
It is also demonstrated from Fig. 3 that a stable solution of the present system can be hardly achieved due to the interactions between four channels. Although the QW laser operates in a steady state, the intensity fluctuation about the average intensity is still exhibited. A useful statistic which described the magnitude of the power fluctuation is the normalized intensity variance (NIV) [26] . After obtaining the temporal evolution of output power in SLM operation, the NIV of QW laser was calculated as 0.42. In order to find out the correlation between the number of lasing wavelengths and the power fluctuation, the NIVs of single-and dual-wavelength laser were calculated. The NIVs of the lasers in single-wavelength operation are 2.98 × 10 −9 , 2.14 × 10 −10 , 3.03 × 10 −9 and 2.51 × 10 −10 , respectively, which indicates the single-wavelength lasers are highly stable. The dual-wavelength laser, comprising the first and second wavelengths generated by PM-FBG1 and wideband FBG, has the NIV of 4.90 × 10 −7 , analogously, the NIV of the dual-wavelength laser comprising the third and fourth wavelengths is 3.40 × 10 −7 . It shows unambiguously that the NIV of a single-wavelength laser is much lower than that of dual-and quad-wavelength laser. Furthermore, as the number of lasing wavelengths is increasing, the disturbance of the output power become larger. Because the interactions among four frequency components generate cross-phase modulation and four-wave mixing, which causes the multiple coupled NLSEs having periodic solutions [24] . If such energy flux is considered from the mathematical viewpoint, oscillation of the obtained solution can be interpreted as a quasi-periodic trajectory in a dynamical system. Fiber resonator cavity is always an ideal platform for exploring and verifying diverse nonlinear dynamics. Hitherto, significant works have been carried out based on the modulation instability with four-wave mixing and cross-phase modulation [25] , [27] . However, aside from the effect of cross-phase modulation and four-wave mixing, the mode competition, refer to (1)- (8), also contributes to the quasi-periodic motion of the solution. Revealed by X. Liu et al. [28] , lasing stability might be improved by further enhancing the nonlinear effect.
According to the modeling and simulation, we confirm that the quad-wavelength laser can be generated in a short linear resonant cavity with a DC-PM-FBG. In order to realize the stable operation of QW laser, single frequency at individual wavelength should be guaranteed in the following experiment.
Experimental Setup and Results
Based on the above theoretical model, a QW-SFFL with ultrashort linear cavity was proposed, and the experimental configuration is showed in Fig. 4 . Construction of the laser resonant cavity is completed by fusion splicing a wideband FBG having a reflectivity of over 99.5% and a narrowband Fig. 4 . Experimental setup of the polarization-maintaining quad-wavelength single-frequency fiber laser. EYDPF, Er 3+ /Yb 3+ co-doped phosphate fiber; DC-PM-FBG, dual-channel polarization maintaining fiber Bragg grating; LD, laser diode; PM-WDM, polarization maintaining wavelength division multiplexer; PM-ISO, polarization maintaining isolator. DC-PM-FBG on each end of a 15-mm-long self-developed EYDPF. The commercial DC-PM-FBG is fabricated by engraving two PM-FBGs (PM-FBG1 and PM-FBG2) at the adjacent location on the fiber, and each PM-FBG split into two reflection peaks with two central wavelengths that separated 0.4 nm corresponding to the slow and fast axes of the PM fiber, respectively. The reflection band spacing of two slow axes is 0.8 nm and all the 3-dB bandwidths are less than 0.073 nm. Two reflectivities corresponding to slow axes and fast axes of 65% and 62%, respectively. This resonant cavity was thermal controlled by a cooling system with a resolution of 0.05°C. With proper temperature control at around 26°C, a robust QW laser could be obtained without mode hopping. The QW laser was counter-pumped by a 976-nm single-mode laser diode (LD) through a PM wavelength division multiplexer (PM-WDM). The laser signal output from the PM-WDM and then passed through a both-axis working PM isolator (PM-ISO) that could prevent back reflections. 13 nm corresponding to slow axes are 8 dB higher than that of other two lasing wavelengths. This intensity discrepancy is generated because the wavelength-dependent absorption and emission cross section for Er 3+ are wavelength-dependent in the amplification and propagation processes, which causes the gain to be unequal among each wavelength. Furthermore, the reflectivity of each channel in DC-PM-FBG is different, so the lasers produced by slow axes are dominative in mode competition, consequently, the power disequilibrium is generated among different wavelengths. The experimental output spectrum is consistent with the simulated spectrum.
The inset of Fig. 5(b) illustrates the stability of the QW laser when operating under a pump power of 200 mW that detected by an InGaAs photodetector with the bandwidth of 12.5 GHz and an oscilloscope with the resolution of 20 GHz. The result demonstrates that the slight output power fluctuation is existing in the time domain when four wavelengths are lasing simultaneously. Due to the strong mode competition and modulation instability produced among different wavelengths, the power fluctuation can hardly be eliminated in the nanosecond range.
In an effort to further characterize the performance of individual wavelength, more precise measurements of various aspects of the individual wavelength laser were implemented after being separated by four FBGs with the 3-dB bandwidth of 0.2 nm. The spectra for each lasing wavelength are showed in Fig. 6(a) in which the wavelength spacing is nearly equal and as narrow as 0.4 nm. Then the longitudinal-mode characteristics for each separated wavelength were measured by a scanning Fabry-Perot interferometer having a resolution of 7.5 MHz and a free spectral range of 1.5 GHz. By adjusting the temperature of resonant cavity, the Bragg wavelength of DC-PM-FBG would be shifted and in accord with the center longitudinal mode, then a robust single-frequency operation at each wavelength could be obtained. When the temperature was control at around 26°C, the SLM operations of individual lasing wavelength were verified, and the representative measurement result for the wavelength of 1550.13 nm is showed in Fig. 6(b) .
In addition, the linewidths for individual wavelength were measured by the self-heterodyne method, which involved a 48.8-km fiber delayed Mach-Zehnder interferometer and a 40-MHz fiber-coupled acousto-optical modulator. The linewidth measurements give substantially the similar results for each wavelength, as showed in Fig. 7(a) . The 20-dB spectrum widths are measured to be 400 kHz which suggests that the Lorentz linewidths are 20 kHz. And the relaxation oscillation frequency is pulled to the lower frequency with longer cavity length because the relaxation oscillation frequency is inversely proportional to the photon lifetime, which is increased by transmitting in a longer cavity [29] .
Conclusions
A compact PM-QW-SFFL by utilizing a 15-mm-long EYDPF in a short-linear cavity has been demonstrated. By modeling the evolution of optical fields with rate equations and NLSEs, the formation and interaction mechanisms of multi-wavelength in SFFL are systematically analyzed. The simulated results indicate that the SLM operation and all-PM structure of QW fiber laser can reduce the instability brought by nonlinear effects. The robust PM-QW-SFFL with the equal wavelength spacing and 20-kHz linewidth at the individual wavelength is achieved. The compact PM-QW-SFFLs are desirable light sources in lidar applications and fiber sensors.
